Abstract. Let m, n, k and c be positive integers. Let ν 2 (k) be the 2-adic valuation of k. By S(n, k) we denote the Stirling numbers of the second kind. In this paper, we first establish a convolution identity of the Stirling numbers of the second kind and provide a detailed 2-adic analysis to the Stirling numbers of the second kind. Consequently, we show that if 2 ≤ m ≤ n and c is odd, then ν 2 (S(c2 n+1 , 2 m − 1) − S(c2 n , 2 m − 1)) = n + 1 except when n = m = 2 and c = 1, in which case ν 2 (S(8, 3) − S(4, 3)) = 6. This solves a conjecture of Lengyel proposed in 2009.
Introduction and the statements of main results
Let N denote the set of nonegative integers and let n, k ∈ N. The Stirling numbers of the second kind S(n, k) is defined as the number of ways to partition a set of n elements into exactly k non-empty subsets. Divisibility properties of Stirling numbers of the second kind S(n, k) have been studied from a number of different perspectives. For each given k, the sequence {S(n, k), n ≥ k} is known to be periodic modulo prime powers. Carlitz [3] and Kwong [14] have studied the length of this period, respectively. Chan and Manna [4] characterized S(n, k) modulo prime powers in terms of binomial coefficients when k is a multiple of prime powers. Various congruences involving sums of S(n, k) are also known [20] .
Given a prime p and a positive integer m, there exist unique integers a and n, with p ∤ a and n ≥ 0, such that m = ap n . The number n is called the p-adic valuation of m, denoted by n = v p (m). The study of p-adic valuations of Stirling numbers of the second kind is full with challenging problems. The values min{v p (k!S(n, k)) : m ≤ k ≤ n} are important in algebraic topology, see, for example, [2, 6, 8, 9, 10, 17, 18] . Some work evaluating v p (k!S(n, k)) have appeared in above papers as well as in [5, 7, 23] . Lengyel [15] studied the 2-adic valuations of S(n, k) and conjectured, proved by Wannemacker [21] , that ν 2 (S(2 n , k)) = s 2 (k) − 1, where s 2 (k) means the base 2 digital sum of k. Lengyel [16] showed that if 1 ≤ k ≤ 2 n , then ν 2 (S(c2 n , k)) = s 2 (k) − 1 for any positive integer c. Hong et al [11] proved that ν 2 (S(2 n + 1, k + 1)) = s 2 (k) − 1, which confirmed a conjecture of Amdeberhan et al [1] .
On the other hand, Lengyel [16] studied the 2-adic valuations of the difference S(c2 n+1 , k)− S(c2 n+1 , k). It appears that its 2-adic valuation increases by one as n by one, provided that n is large enough. As a consequence, Lengyel proposed the following conjecture. Conjecture 1.1. [16] Let n, k, a, b, c ∈ N with c ≥ 1 being odd and 3 ≤ k ≤ 2 n . Then ν 2 (S(c2 n+1 , k) − S(c2 n , k)) = n + 1 − f (k) (1.1) and ν 2 (S(a2 n , k) − S(b2 n , k)) = n + 1 + ν 2 (a − b) − f (k) (1.2) for some function f (k) which is independent of n (for any sufficiently large n).
When k is a power of 2 minus 1, Lengyel suggested the following conjecture which is stronger than (1.1).
Conjecture 1.2.
[16] Let c, m, n ∈ N with c ≥ 1 being odd and 2 ≤ m ≤ n. Then
Lengyel [16] showed that (1.1) is true if s 2 (k) ≤ 2. For any real number x, as usual, let ⌈x⌉ and ⌊x⌋ denote the smallest integer no less than x and the biggest integer no more than x, respectively. In [22] , we used the Junod's congruence [12] about the Bell polynomials to show the following result. Theorem 1.1 [22] Let n, k, a, b, c ∈ N with c ≥ 1 being odd, 3 ≤ k ≤ 2 n and a > b. If k is not a power of 2 minus 1, then
where δ(4) = 2, δ(k) = 1 if k > 4 is a power of 2, and δ(k) = 0 otherwise. In particular,
Therefore Conjecture 1.1 is true except when k is a power of 2 minus 1, in which case Conjecture 1.1 is still kept open so far. It is also remarked in [22] that the techniques there is not suitable for the remaining case that k is a power of 2 minus 1.
In this paper, we introduce a new method to investigate the 2-adic valuations of differences of Stirling numbers of the second kind. Our main goal in this paper is to study Conjecture 1.1 for the remaining case and Conjecture 1.2. We will develop a detailed 2-adic analysis to the Stirling numbers of the second kind. The main results of this paper can be stated as follows.
Then each of the following is true.
Theorem 1.3 Let c, m, n ∈ N with c ≥ 1 being odd and 2 ≤ m ≤ n. Then
except when n = m = 2 and c = 1, in which case one has ν 2 (S(8, 3) − S(4, 3)) = 6. In ending this section, we list several elementary properties of S(n, k) that will be used freely throughout this paper:
• The recurrence relation
with initial condition S(0, 0) = 1 and S(n, 0) = 0 for n > 0.
• The explicit formula
• The generating function
Preliminary lemmas
In the present section, we give preliminary lemmas which are needed in the proofs of Theorems 1.2 and 1.3. We begin with Kummer's identity.
Lemma 2.1 [13] (Kummer) Let k and n ∈ N be such that k ≤ n. Then
The following classical congruence about binomial coefficients is given in [19] , which is the first new key ingredient in the proof of Theorem 1.3.
Lemma 2.2 [19]
Let n and k be positive integers. For all primes p, we have
where Z p stands for the ring of p-adic integers.
Lemma 2.3 [11] Let N ≥ 2 be an integer and r, t be odd numbers. For any m ∈ Z + , we have
Let a, n and m ≥ 3 be positive integers with n > a2 m . Then
Lemma 2.5 Let a, n and m ≥ 3 be positive integers with n ≥ a2 m . Then
Proof. Using the recurrence relation (1.3), we know that
Thus Lemma 2.5 follows immediately from (2.1) and Lemma 2.4.
Lemma 2.8 [16] Let m be a positive integer. Then for m ≥ 3, one has
and for m ≥ 4, one has
Lemma 2.9 Let c, n and m be positive integers with 3 ≤ m ≤ n. Then
and
Proof. For any integer n ≥ m ≥ 3, we deduce that
So for any integers i 1 , ..., i t with
since n ≥ m ≥ 3. It then follows from Lemma 2.4, (2.4) and (2.5) that
which means that (2.2) is true.
Now we prove that congruence (2.3) is true. For m = 3, one has
So by Lemma 2.8 and (2.6), one get
where φ 1 (x) := 3 and φ m (x) := 1 + 2x 2 if m ≥ 4. Then by (1.6), (2.7) and Lemma 2.8, we get the following congruence modulo 2 m+1 :
Note that the coefficient of
Then Lemma 2.3 tells us that
By (2.4), we obtain that
It then follows from (2.9) to (2.11) that (2.3) holds. The proof of Lemma 2.9 is complete. Now we give a new convolution identity about Stirling numbers of the second kind. It is the second new key ingredient in the proof of Theorem 1.3.
Lemma 2.10 Let k 1 , k 2 and n be positive integers. Then
Proof. By (1.5), we have
On the other hand, by (1.5) we know that
Then comparing the coefficients of t n in (2.12) and (2.13), we obtain that
14)
It then follows from (2.14) that
as desired. The proof of Lemma 2.10 is complete.
Lemma 2.11 Let c, i, s, t ∈ N with c ≥ 1 being odd. Then each of the following is true.
with equality holding if and only if
(ii). If 3 ≤ i < c2 s and t ≥ 2, then
Proof.
(i). For any integer i with i < c2 s and ν 2 (i) < s, we can write i = a + b2 s with a, b ∈ N and 0 < a < 2 s . Then one has b = ⌊ i 2 s ⌋ and ν 2 (i) = ν 2 (a). Using Lemma 2.1, we derive that
It then follows from Lemma 2.1 and (2.15) that
and equality holds if and only if 
as desired.
Lemma 2.12 Let c, r and s be positive integers with c ≥ 1 being odd and s ≥ r ≥ 3. For any integer i with 2 r − 1 ≤ i ≤ c2 s − 2 r , define
(ii). If ν 2 (i) = r − 1, then ν 2 (f r,s (i)) ≥ s with equality holding if and only if
(iii)
Proof. (i). If ν 2 (i) ≤ r − 3, then using Lemmas 2.4, 2.5 and 2.11 (i), we deduce that
Now we let ν 2 (i) = r − 2. Since 2 r − 1 ≤ i, one may let i = 2 r−2 + i 1 2 r−1 with i 1 ≥ 2.
Thus by Lemma 2.1 we obtain that
Clearly i is even since ν 2 (i) = r − 2 and r ≥ 3. From Lemma 2.5, we get that
It then follows from (2.19) and (2.20) that ν 2 (S(i, 2 r − 1)) ≥ r. Since ν 2 (i) = r − 2, by Lemma 2.11 one has
By (2.21), part (i) holds for the case ν 2 (i) = r − 2. So part (i) is proved.
(ii). Let ν 2 (i) = r − 1. Then we can write i = 2 r−1 + i 2 2 r with i 2 ≥ 1 since i ≥ 2 r − 1. So Lemma 2.5 tells us that
It then follows from (2.22) and (2.23) that
On the other hand, by Lemma 2.6 and noticing that s ≥ r, we get that (iii). We define a subset of positive integers as follows:
We claim that |J| is even. Note that J = ∅ if c = 1 and r ≤ s ≤ r + 1. If c = 1 and s ≥ r + 2, then J = {i|2 r < i < 2 s − 2 r , ν 2 (i) = r − 1}. One can easily compute that |J| = 2 s−r − 2. So the claim is true for the case c = 1. In what follows we deal with the case that c ≥ 3 is odd.
Let c ≥ 3 be an odd integer. One can define three subsets of J as follows:
Clearly, 2 s ∈ J and (c − 1)2 s ∈ J. Thus J 1 , J 2 and J 3 are disjoint and
. It follows that
One can compute that |J 1 | = |J 3 | = 2 s−r − 1. So to finish the proof of the claim, it suffices to show that |J 2 | is even. Now take any element i ∈ J 2 . Then 2 s < i < (c − 1)2 s . Since
We can easily check that
2 , and so
since c ≥ 3 is odd. Hence i ∈ J 2 . We arrive at a contradiction. It then follows that |J 2 | is even. The claim is proved.
From part (i) and (ii) and the claim above, we derive that
which implies that part (iii) holds.
(iv). By Lemma 2.1, we get that
since s ≥ r and c ≥ 1 is odd. Then one may let c2 s 2 r = 2 s−r (1 + 2k 0 ) with k 0 ∈ N. From Lemma 2.7, we deduce that there are three integers k 1 , k 2 and k 3 such that S(2 r , 2 r − 1) = 2 r−1 (3 + 4k 1 ), S(c2 s − 2 r , 2 r − 1) = 2 r−1 (3 + 4k 2 ) and S(c2 s − 2 r , 2 r ) = 1 + 4k 3 . It then follows from (2.26) that
Then the desired result follows immediately from (2.27) and (2.28). Part (iv) is proved. 
where a 1 , a 2 , a 3 ∈ N.
On the other hand, by Lemma 2.9 and (2.30), we derive that
where a 4 , a 5 ∈ N. So part (v) follows immediately from (2.31) and (2.32).
This completes the proof of Lemma 2.12.
3 Proofs of Theorems 1.2 and 1.3
In this section, we use the lemmas presented in previous section to show Theorems 1.2 and 1.3. We begin with the proof of Theorem 1.2.
Proof of Theorem 1.2. (i). By (1.4), one has
Since a > b, we get that
It then follows from (3.1) to (3.3) that part (i) is true. Part (i) is proved.
(ii). Using (1.4), we deduce that
where
Lemma 2.11 (ii), one knows that
It follows that
Since b ≥ 1 and n ≥ 3, one has 7 b2 n ≡ 5 b2 n ≡ 3 b2 n ≡ 1 mod 2 4 . Then by (3.5) and (3.7) to (3.9), and noting that c ≥ 1 is odd, we get that
Thus by (3.10), we have
On the other hand, since a > b ≥ 1 and n ≥ 3, one has a2 n > b2 n + 3 and b2 n+1 > b2 n + 3.
So by (3.6), we obtain that
since 3 b2 n ≡ 1 mod 2 n+1 and n ≥ 3. Hence (3.12) tells us that
Note that ν 2 (7!) = 4. It then follows from (3.4), (3.11) and (3.13) that part (ii) is true.
The proof of Theorem 1.2 is complete.
In what follows, we give the proof of Theorem 1.3 as the conclusion of this paper.
Proof of Theorem 1.3. We first deal with the case m = 2. If n = 2 and c = 1, then by (1.4), we compute that
which implies that ν 2 (S(8, 3) − S(4, 3)) = 6. If either n ≥ 3 or c ≥ 3, then c2 n > n + 2 + ν 2 (c) since c is odd. So by Theorem 1.2 (i), one knows that
as desired. So Theorem 1.3 is proved for the case m = 2.
In what follows we assume that m ≥ 3. We proceed with induction on m. Consider the case m = 3. Since n ≥ 3 and c is odd, one has c2 n > n + 3 + ν 2 (c). So we can apply Theorem 1.2 (ii) and get that 
Then Lemma 2.1 gives us that
It follows from (3.14) and (3.15) that
So to prove that Theorem 1.3 is true for the m case, it is sufficient to show that 16) which will be done in what follows.
By Lemma 2.10, we obtain that 18) where f m−1,n (i) and f m−1,n+1 (i) are defined as in (2.17) . Then letting r = m−1 and s = n+1 in Lemma 2.12 (iii) gives us that
Using Lemma 2.12 (i) with r = m − 1 and s = n, we deduce that
Then by (3.14) and (3.17)-(3.20), we conclude that
On the other hand, we have
Using Lemma 2.12 (iv) with s = n + 1 and r = m − 1, we obtain that
Letting s = n and r = m − 1 in Lemma 2.12 (v), we derive that
Let L := {l ∈ N|1 ≤ l ≤ c2 n−m+1 − 1}. We define the following three subsets of L:
, 2, 3}, we define
It then follows from (3.21) to (3.25) that
We claim that and Theorem 1.1 tells us that
By the inductive hypothesis, we infer that
It then follows from (3.28) to (3.30) and Lemma 2.7 that
We first treat with ∆ 1 . For any elment l ∈ L 1 , by Lemma 2.11 (i), we get that
From Lemma 2.7, we derive that
So by (3.33), we have Now we deal with ∆ 3 . For any l ∈ L 3 , since c is odd, one has ν 2 (c2 n−m+1 − l) = n − m + 1 and 1 ≤ c2 n−m+1 − l ≤ c2 n−m+1 − 1. Then there exists an odd integer 1 ≤ l 2 ≤ c − 1 such that c2 n−m+1 − l = l 2 2 n−m+1 . By Lemma 2.1, we get that ν 2 c2 n l2 m−1 = ν 2 c2 n (c2 n−m+1 − l)2 m−1 = ν 2 c2 n l 2 2 n = s 2 (l 2 ) + s 2 (c − l 2 ) − s 2 (c).
(3.42)
Furthermore, by Lemma 2.7 and (3.42), we obtain that 
